Radiative shock waves may be subject to a global thermal instability in which the cooling layer and shock front undergo growing resonant oscillations. For strong hydrodynamic shocks, the presence of the overstability depends on the temperature and density indices of power-law cooling functions and the specific heat ratio (α, β and γ , respectively). Here, we investigate the stabilizing influence of a transverse magnetic field by introducing the shock Alfvén number, M a , as a fourth parameter. We thus investigate the stability criteria for both molecular and atomic shocks under a wide range of conditions. In particular, we find that all molecular shocks in which the cooling increases with the temperature (α > 0) are stabilized to the first four modes if M a < 20 (β = 2). For α = −0.5, the first overtone remains stable only for M a < 8. We conclude that molecular shocks in the interstellar medium are probably stabilized by a transverse magnetic field unless exceptional circumstances arise in which the cooling strongly increases as the gas cools.
I N T RO D U C T I O N
To interpret observations of an astrophysical shock, we need to know if it can be compared to steady-state models or if it is subject to an instability. In fact, the cooling immediately downstream of a shock front may lead to an overstability of the entire radiative shock wave (Langer, Chanmugam & Shaviv 1981) . For hydrodynamic flows, a linear analysis yields conditions for growing oscillations as well as their particular frequencies (Chevalier & Imamura 1982) , and many analytical and numerical studies have been presented, as recently summarized by Ramachandran & Smith (2005, hereafter Paper 1). However, the growth of the oscillations will be damped by a magnetic field. A transverse field not only reduces the immediate post-shock temperature and compression but could also completely stabilize the cooling layer. The first question is: How strong does the field have to be to ensure stability? This question has been answered for the important case of fast shocks into atomic gas (Toth & Draine 1993; Kimoto & Chernoff 1997) . Here, we extend these results to include power-law cooling functions pertaining to other interstellar conditions: a molecular gas and a medium in which the energy levels relevant to the cooling are maintained in local thermodynamic equilibrium. The conclusions take on added significance through the latest campaigns to explore infrared and submillimetre regimes with spectroscopic methods (e.g. with Spitzer and Herschel).
E-mail: brc@arm.ac.uk (BR); mds@arm.ac.uk (MDS) A linear analysis of plane-parallel radiative shocks with a transverse field was performed by Toth & Draine (1993) . They assumed a specific heat ratio γ of 5/3 and a cooling function ∝ ρ 2 T α , where ρ is the density and T is the temperature. Only the index α determines the stability in the absence of a magnetic field provided the shock is strong. The latter assumption eliminates the Mach number, M, from the problem. Here, M = u in /c s where u in is the shock speed and c s is the upstream sound speed.
On the other hand, the Alfvén number M a = u in /v a , where v a is the upstream Alfvén speed, is a second variable when a significant magnetic field is present. Toth & Draine (1993, hereafter TD93) found, as an example, that even a quite weak field (M a < 8) will suppress the growth of all modes of oscillation for α > 0. For α = 0.5, even weaker fields (M a < 33) are enough to stabilize a shock. Their numerical study agreed with the linear analysis and also revealed that, for shock speeds v s < 160 km s −1 , radiative shocks occurring in interstellar gas with n H 0.4 cm −3 may be magnetically stabilized. Further simulations by Kimoto & Chernoff (1997) , however, also demonstrated that the typical interstellar field may not be sufficient to stabilize shocks if α < 0. The fundamental mode can generate very large-amplitude oscillations. Moreover, even when the fundamental is stabilized, the overtones can still produce higher-frequency oscillations of substantial amplitude.
The general linear analysis for hydrodynamic flows was extended in Paper 1 to include molecular shocks. The dependence on three parameters, α, β and γ , was considered, where β is the density dependence of the cooling
A strong dependence on γ was found, with the regime of overstability significantly reduced for molecular shocks. In particular, the fundamental mode grows only for α < −0.24) in the molecular equivalent (γ = 7/5 and β = 2) of the atomic case (for which α < 0.38 is required). However, the overtones are more significant in molecular shocks with, for example, the first overtone growing for α < 0.66. Building on this work, we introduce the Alfvén number here as the fourth parameter, to determine the influence of the magnetic field.
In the molecular shocks discussed here, we presume that the fraction of mass in ions is sufficiently high that ion-magnetosonic waves cannot propagate ahead of the shock front. Otherwise, if the fraction of ions were low, the magnetic field would drift through the neutral molecules, a process termed 'ambipolar diffusion'. Friction between the ions and neutrals may then replace the molecular viscosity, changing the nature of the shock front. We discuss this restriction in Section 3. Other dynamic instabilities are then possible in such continuous shocks (as well as in jump shocks, see Paper 1 for a summary). The jump shocks studied here thus require a source of ionization that does not cause wholesale molecular dissociation. This may occur near the edges of molecular clouds partially exposed to the ultraviolet from nearby OB associations, as proposed for the HH 90/91 shock (Smith 1994b) . The ions can be dust grains, molecules or atoms, according to the physical conditions.
In this paper, we extend the formalism of TD93. Starting with the steady-state radiative shock structure, we perturb the shock velocity and determine the growth or damping rate in addition to the oscillatory period. We study the one-dimensional case while ignoring thermal conduction as well as radiation transfer. In the hydrodynamic case, a stationary wall of infinite density is assumed to lie downstream of the shock front. In the magnetohydrodynamic (MHD) analysis, the density in the downstream gas rises towards a finite constant value. In order to make the problem tractable, we ensure not only that the temperature continues to fall, reaching zero kelvin, but also that the temperature perturbation also vanishes at the downstream boundary. Then, waves escaping downstream are constrained to be pure Alfvén waves, leading to a straightforward boundary condition. In this respect, it should be noted that the published versions of equation (A27) of TD93 (where the minus sign should be replaced by a plus sign) and equation (2) of Kimoto & Chernoff (1997) (where the conditionals should be reversed) are incorrect.
In Paper 1, we undertook a linear stability analysis similar to Imamura et al. (1996) while taking a general γ so as to encompass molecular shocks. By also generalizing the density index, we take into account different physical situations. In particular, β = 1 corresponds to cases where the energy levels of the atoms or molecules that provide the dominant cooling are in local thermodynamic equilibrium. For example, this can correspond to H 2 cooling in warm gas for densities above ∼10 4 cm −3 provided hydrogen atoms act as the main collision partner. The specific heat ratio γ = 5/3 remains appropriate for dissociative shocks. The value γ = 7/5 applies to a pure H 2 gas while, more realistically for the interstellar medium, γ = 10/7 accounts for the addition of 10 per cent helium atoms.
F O R M U L AT I O N O F T H E P RO B L E M

The equations
We consider a reference frame in which an ambient gas of uniform density ρ a and supersonic speed u in passes through a stationary shock front at x = x s from upstream, i.e. to the right in Fig. 1 , as (16), (17) and (18); the total compression, −w f , is given by equation (22) . Note that, under strong shock conditions, the upstream thermal pressure is equated to zero. defined by Chevalier & Imamura (1982) . The gas cools and collapses before reaching a cold shell at x = 0, also of uniform density. The approach speed u in is defined as a positive quantity. Therefore, the pre-shock gas velocity is v = −u in . In this frame, the material in the shell is moving downstream, thus making space for the accumulation of new material.
Following TD93, we take a perpendicular magnetic field, B a , which is frozen in to the gas and so increases in proportion to the density. The shock Alfvén (Mach) number is defined as M a = u in /v a where v a is the Alfvén speed in the ambient medium. The magnetic pressure in the flow is then
where the constant b is
and we define the useful parameter θ (the parameter β of TD93) as
which is the ratio of the magnetic pressure to the upstream ram pressure.
The one-dimensional hydrodynamical equations are (e.g. TD93)
and
where is the radiated energy loss per unit volume and P is the total (magnetic plus thermal) pressure, related to the internal energy by
Equations (5), (6) and (7) refer to the conservation of mass, momentum and energy, respectively. Eliminating e,
where A is a constant and we have used the ideal gas law to eliminate temperature.
The steady state
The steady-state solution is denoted by the subscript 0. Equations (5) and (6) are integrated to yield
Equations (10) and (11) are substituted in equation (9), which results in
where
This equation can be integrated to determine the velocity through the shocked layer. We now introduce the following variables:
Equations (12), (13) and (14) lead to
The jump condition across the steady shock front can be written as (Smith 1989 )
where the shock front compression is
The boundary condition at x = 0 is determined from the fact that the temperature is zero, the total pressure is equal to the magnetic pressure and the density remains finite:
If we denote the velocity of the shell as v 0 (x = 0), and also define (2) and (11) we can then write the expression
The physical solution to the above cubic equation is
Note that −1/w f is the total compression, as indicated in Fig. 1 .
The set of linear equations
The shock wave is now perturbed by
where σ = σ R + iσ I is the frequency and v s1 is a real quantity. The position of the shock may be represented as the real part of
where x s1 = v s1 /σ . Considering only the terms up to first order:
All the quantities with subscript 1 represent the small perturbed factors. When the shock is moving, we consider the frame of reference in which the shock is stationary, i.e. the upstream velocity is now −u in − v s1 e σ t . The boundary conditions at the moving shock wave are obtained by taking the derivatives of equations (16), (17) and (18) with respect to u in to obtain
where the last term in (33) arises because of the transformation of coordinates to the shock frame. We will also need the derivative of q, which is, from equation (19),
We then transform to the following variables:
At the shock front, from (31)- (33), the new variables take the following values:
Substituting (28), (29) and (30) into (5), (6) and (9), the fluid equations can be rewritten as
The quantities ζ , π and η are complex eigenfunctions. We will employ the subscripts 'r' and 'i' to denote the real and imaginary components of the above quantities. The quantity δ is a complex number with the sign of the real part, δ r , indicating the instability (positive value) or stability (negative value) of a mode. The quantity δ i is interpreted as the eigenfrequency, in units of (u in /x s0 ). The equations for the real and complex quantities are provided in Appendix A.
The integration process
While integrating the above equations, we find that there are numerical problems when α 0.2 as the temperature approaches zero. To solve this, we follow a prescription suggested by TD93, which is to introduce a break in the power-law cooling at a temperature T c , at a velocity w c , leaving a small region near the shell where the cooling function will have α = 0.5. Therefore, the cooling function is split into two regimes such that
Here, A c = A(P c − bρ The boundary condition at the shell for a moving shock under the influence of a transverse magnetic field is derived in Appendix B. It is more complicated than in Paper 1, where the gas settles on the wall. In the present scenario, the velocity of the gas does not vanish since the magnetic pressure limits the compression. The boundary condition is
similar to TD93 but correcting a typographical error in their equation (A27).
For the various combinations of the four free parameters, α, β, γ and θ, the quantities δ r and δ i are determined by imposing the boundary condition at the shell boundary. We solved the differential equations employing a fourth-order Runge-Kutta technique for trial values of δ r and δ i selected from a grid of points uniformly covering the complex plane. The combinations that come closest to satisfying the boundary condition for each mode determine a new set of grid points with a higher resolution.
G E N E R A L R E S U LT S
We have calculated the growth rates (δ r ) and eigenfrequencies (δ i ) for the various cases of α, β and γ with weak (M a = 30), intermediate (M a = 10) and strong (M a = 3) magnetic fields for the fundamental mode as well as the first three overtones. These results are presented in Tables 1-8 . Equivalent tables for the case γ = 10/7 have been constructed but are not presented here. We plot the growth rates against α in Fig. 2 for various modes. The major results are as follows.
(i) We have accurately reproduced the results of TD93 for the specific case β = 2 and γ = 5/3 (Tables 2 and 6 ) as a specific case in our parametric space.
(ii) The fact that the instability regime becomes increasingly restricted with an increase in the transverse magnetic field holds for all values of α, β and γ .
(iii) The fundamental remains the most restricted mode to be unstable. The field has a similar stabilizing effect on all the modes.
(iv) The lower value for the density index β provides more stability. However, for high magnetic fields (solid lines in Fig. 2) , the stability criterion becomes independent of β. This is interpreted as the cushion effect of the field which limits the compression.
(v) With decreasing γ , the instability regime is more restricted for all magnetic field strengths. Whether the molecular gas is diatomic (γ = 7/5) or contains helium (γ = 10/7) does not significantly alter the instability regime. Table 1 . Growth rates (δ r ) for several modes and magnetic field strengths, as measured by the Alfvén number M a , for γ = 5/3 and β = 1.
Fundamental
First overtone Table 2 . Growth rates (δ r ) for several modes and magnetic field strengths for γ = 5/3 and β = 2. This table can be compared to table 1 of TD93. Table 3 . Growth rates (δ r ) for several modes and magnetic field strengths for γ = 7/5 and β = 1. (vi) The frequency of the fundamental decreases strongly as α decreases for all magnetic field strengths. The frequency of the overtones generally tends to a constant value as α decreases. Note that in Fig. 3 the frequencies of the modes have been normalized by a factor of 2n + 1, where n is the mode number, for display purposes and so demonstrates that, for all magnetic field strengths, the resonant frequencies are analogous to the acoustic modes in a half-open organ pipe. Table 4 . Growth rates (δ r ) for several modes and magnetic field strengths for γ = 7/5 and β = 2.
First overtone Table 5 . Eigenfrequencies (δ i ) for several modes and magnetic field strengths for γ = 5/3 and β = 1. Table 6 . Eigenfrequencies (δ i ) for several modes and magnetic field strengths for γ = 5/3 and β = 2. The loci of neutral stability in the log(M a )-α space, which separate stable and unstable regimes (for fixed β and γ ), are displayed in Fig. 4 . Whereas an Alfvén number of 8 will suppress the growth of all modes of oscillation for α > 0 in the atomic shocks (γ = 5/3, β = 2), we require just M a < 20 for the equivalent molecular case. Table 7 . Eigenfrequencies (δ i ) for several modes and varying magnetic field strengths for γ = 7/5 and β = 1.
First overtone Table 8 . Eigenfrequencies (δ i ) for the various modes of parameters γ = 7/5 and β = 2 for various magnetic fields. Hence molecular shocks tend to be considerably more stable. On the other hand, the Alfvén number of 8 would be sufficient to stabilize even the first overtone for molecular shocks with α = −0.5. Given the trends in Fig. 4 , it is not clear that higher-order modes possess wider instability ranges. In fact, from inspection of Tables 1-8, the growth rate tends to be lower for higher overtones for α > 0.0 especially as the magnetic field strength increases, whereas for α < 0, however, there is an increasing trend in the growth rate. Here, we have investigated these trends for low-M a shocks to determine if the magnetic field will stabilize shocks entirely. As shown in Fig. 5 , the growth rate continues to decrease as the mode number is increased for α = 0.3 and M a = 1.5, taking an atomic shock for illustration. In contrast, the growth rate displays the opposite trend for the case with negative α. In other words, the magnetic field may not provide complete stability for cooling with negative α. However, the significance of high-order modes is probably highly restricted and a multidimensional analysis is necessary to determine any observational consequences.
The present analysis applies to both atomic and molecular shocks and assumes that the magnetic field is parallel to the shock front. However, in a sufficiently strong shock the molecules will dissociate immediately following the shock jump. In fact, dissociative cooling may dominate the cooling function. Given a molecular medium with Alfvén speed of 1 km s −1 (Crutcher 1999 ) and a speed limit for molecular shocks of 40 km s −1 at low densities (under ∼10 4 cm −3 ) and ∼24 km s −1 at high cloud densities (Smith 1994a ), the maximum Alfvén number for molecular shocks with γ = 7/5 is then in the range 24-40.
A maximum value for the magnetic field should also exist, above which ambipolar diffusion dominates the shock physics. The limit is more difficult to calculate since it depends on the ionization fraction, density and cooling function. In fact, the limitation is much stronger on the ion fraction rather than the magnetic field. In molecular clouds that are well shielded from the extreme ultraviolet, the ion fraction, χ, is extremely low and ambipolar diffusion dominates. On the other hand, the ion fraction may reach high values near massive stars, stellar outflows or within bow shocks with high-speed apices, supplying ionizing radiation. As estimated by Smith & Brand (1990) , ion fractions exceeding ∼10 −5 B −3 /n 3/2 6 (H 2 O cooling) or ∼2 × 10 −6 B −3 /n 1/2 6 (H 2 cooling) are required to ensure a J-type shock, where B −3 = B/(10 −3 G) and n 6 = n/(10 6 cm −3 ). Thus, the Alfvén speed must not exceed ∼5 × 10 5 n 6 χ km s −1 (H 2 O cooling) or ∼10 5 χ km s −1 (H 2 cooling).
C O N C L U S I O N S : M O L E C U L A R S H O C K
We have found the stable and unstable regions for radiative shocks in the α, β and γ parameter space for various magnetic field strengths and in the field α parameter space for specific β and γ values. For the fundamental mode, molecular shocks are considerably more stable than atomic shocks. For the overtones, molecular shocks are only moderately more stable. The magnetic field, however, has a strong stabilizing influence on all these modes, decreasing all the growth rates by similar factors (see Fig. 2 ).
The field strength enters the stability condition through the shock Alfvén number. All cooling functions in which the cooling increases with temperature are stable for M a < 20. However, for M a > 22, the first overtone can be unstable, potentially leading to oscillations with non-linear amplitudes. Hence, we need to estimate the Alfvén number for typical shocks in various environments.
Unfortunately, in molecular clouds, the Alfvén speed is a very uncertain parameter. It is even difficult to get an objective view on the magnetic field strength alone (Padoan & Nordlund 1999) , although derived Alfvén speeds generally lie within the range 0.5-5 km s −1 (Crutcher 1999) . Jump shocks followed by cooling zones can arise without molecular dissociation for shock speeds as high as 40 km s −1 at low densities but ∼24 km s −1 at high cloud densities (Smith 1994a) . As discussed in Section 3, a minimum ion fraction is also required to maintain a frozenin magnetic field. Hence, a quite fast shock in a diffuse molecular cloud is the most favourable state for the appearance of oscillations.
The temperature dependence of molecular cooling functions generally correspond to values of α well above zero and so indicates stable shocks. However, besides temperature and density, shock cooling may depend on the chemistry. The rate of formation of trace molecules within the cooling layer can increase the cooling rate as the temperature falls. In particular, the propagation of warming but non-ionizing shocks into cool atomic gas may show trace molecule formation and increasing cooling within a gas with γ = 5/3. However, because of the low shock speeds, these shocks would be stabilized if the magnetic field were transverse. Hence, it may be that oblique non-ionizing shock waves into atomic gas represent the rather restrictive conditions for shock instability within the cool components of the interstellar medium.
Although it is well known how an oblique field alters the nature of a steady shock, it is not clear how it alters the stability conditions. It should also be noted that the magnetic field may help to stabilize shocks even when the field is parallel to the shock provided the Alfvén number is less than the Mach number, a condition expected to be satisfied in molecular clouds (Smith 1993) . Such an analysis, as well as multidimensional numerical simulations of radiative shocks, are still to be performed. dπ r
